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Order Reduction and Closed-Loop Vibration
Control in Helicopter Fuselages
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Indian Institute of Technology, Kanpur 208 016, India

The problem of vibration reduction in helicopter fuselages using the concept of active control of structural
response is addressed. When the large size of the coupled gearbox–� exible fuselage system dynamics is considered,
� rst a balanced-realization-based order reduction is employed to reduce the size of the problem. Then using the
reduced-order model, a closed-loop controller is designed to minimize the vibratory levels in the fuselage with the
constraint that the controller ensures stability of the original full-order system. The controller design is based on the
concept of disturbance rejection by the internal model principle. When a four-block representation of the problem
and doubly coprime factorization theory is employed, a stable controller is designed for this multi-input/multi-
output control problem. It is observed that this controller yields a closed-loop transfer function, which rejects
the external disturbance not only at the desired frequency but also in its neighborhood. In addition, contrary to
open-loop control, the present technique of closed-loop control reduces the vibratory levels both in the fuselage
and the gearbox. The in� uence of sensor locations on vibration minimization has also been highlighted.

Nomenclature
[A]; [B]; [C] = system matrix, control matrix, and

output matrix, respectively
[A]; [B1]; [B2] = system matrix, external disturbance matrix,

and control matrix of the reduced model,
respectively

[Ab]; [Bw1b]; = system matrix, external disturbance
[Bu1b] matrix, and control matrix of the

balanced model, respectively
[A f ]; [Bw]; = system matrix, external disturbance
[Bu ] matrix, and control matrix of the

full-order model, respectively
Ci ; C i = damping of the i th gearbox mounting
[Cy ]; [Cz] = measurement matrix and output matrix,

respectively.
[Cy1]; [Cz1] = measurement matrix and output matrix

in transformed space, respectively
[Cy1b]; [Cz1b] = measurement matrix and output matrix

in balanced space, respectively
[C1]; [C2] = measurement matrix and output matrix

in reduced space, respectively
Fc = control force
Fx ; Fy; Fz = vibratory forces at hub
G.s/ = transfer matrix in Laplace domain,

C .s I ¡ A/¡1 B
fIx x ; Iyy ; IzzgF = mass moment of inertia of fuselage
fIx x ; Iyy ; IzzgGB = mass moment of inertia of gearbox
K = controller transfer function or gain matrix
Ki ; K i = stiffness of the i th gearbox mounting
Mx ; My ; Mz = vibratory moments at hub
m B = rotor blade mass
m F = mass of fuselage
mGB = mass of gearbox
NB = number of blades in the rotor system
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P = controllabilitygrammian
P¤ = controllabilitygrammian in balanced space
fpg = state vector
Q = observabilitygrammian
Q¤ = observabilitygrammian in balanced space
fqg = state vector in original modal space
f Nqg = state vector in transformed space
Tzw = closed-loop transfer function relating

output z and input disturbance w
NT ; T = transformationmatrices
U = orthogonal matrix
fug = control input vector
fwg = external disturbance vector
fxg = state vector in reduced space
fxbg = state vector in balanced space
fx1g; fx2g = controllable (� exible) and uncontrollable

(rigid-body) state vectors, respectively
fyg = measurement vector
fzg = output vector
¯F = structural damping coef� cient
¾i = Hankel singular values
Ä = rotor angular velocity
!0 = frequency of external disturbance

I. Introduction

H ELICOPTERS are complex dynamic systems with many ro-
tating components.During operation, the highly � exible rotor

blades undergomoderate structuraldeformationsinvolvingcoupled
� apbending,lag bending,torsion,and axialmodes; in addition,they
experience cyclic variation in aerodynamic loads in forward � ight.
The periodic variation of inertia and aerodynamic loads of the main
rotor system is the major source of vibration in helicopters, and
these loads increase with increase in forward speed. The vibratory
rotor loads are transmittedto differentparts of the fuselagethrougha
complicatedload path and causediscomfort to pilotandcrew, equip-
ment deterioration, fatigue damage to the structure, and increased
maintenance cost, thereby restricting the operation and ef� ciency
of the vehicle.

With the increasingdemand forhigh-speedandhigh-performance
helicopters, along with improved system reliability and reduced
maintenance costs, vibration reduction has become an important
design criterion. For present day helicopters, the general require-
ment is to have a maximum vibratory level of 0:1 g in the fuselage.
However, in future, with the adoption of more stringent vibration
control, it will become necessary to reduce the vibratory levels be-
low 0:05 g or even 0:02 g (Ref. 1). Excellent reviews on vibration
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and its control were presented by Reichert2 and Loewy.3 A detailed
summary of the contributions made by NASA/U.S. Army to rotor-
craft vibration technology is presented in Ref. 4.

The control schemes adopted so far to reduce vibration in heli-
copters can be broadly classi� ed as either passive or active control
technologies. It is well known that a major contribution to heli-
copter vibration is due to the main rotor. Therefore, the geometry
of the rotor system and the structuraldynamic characteristicsof the
rotor blades and fuselage play a signi� cant role in in� uencing the
vibration in helicopters. One of the passive methods of reducing
vibrations is to design carefully the rotor hub and rotor blades.5 Be-
cause rotor design is based on a compromise of several con� icting
aeroelastic and aeromechanical stabilities, as well as performance
and handling quality requirements, vibration reduction solely by a
proper design of a rotor blade would be impossible. Also proper
placement of fuselage natural frequenciesaway from the excitation
frequencywould be very dif� cult becausehelicopter fuselagestruc-
tureshave theuniquecharacteristicofhavingonlya smalldistributed
structuralmass in comparison to several large concentratedmasses,
representing engine, gearbox, rotor systems, and so on. Therefore,
the fuselagestructurehas a high modal density, that is, many closely
spaced natural frequencies,and very complex mode shapes.6

In general, passive vibration control schemes include hub- or
blade-mounted pendulum absorbers, antiresonant vibration isola-
tion devices such as like dynamic antiresonant vibration isolation,
antiresonant isolation system (ARIS), and liquid inertia vibration
eliminator, structural modi� cations, and structural optimization.
Because passive devices are tuned to provide maximum vibration
reduction at speci� c frequency, for any change in operating con-
dition, their performance will degrade considerably. It is generally
accepted that jet-smooth ride in helicopterswould be possible in the
future only with the incorporation of active control schemes.7 Ac-
tive control methodologiesincludehigher harmoniccontrol (HHC),
individual blade control (IBC), active � ap control (AFC) and active
controlof structuralresponse(ACSR). WhereasHHC, IBC andAFC
control schemes are aimed at reducing the blade loads in rotating
frame, ACSR is employed in the nonrotating frame to cancel the
effect of vibratoryhub loads on the fuselage.A detailedcomparison
of active vibration control schemes is provided in Ref. 8.

The concept of the ACSR scheme is based on the principle of
superpositionof two independentresponsesof a linear system, such

Fig. 1 Schematic of helicopter with the ACSR scheme.

that the total response is zero (Refs. 9 and 10). A schematicof a heli-
copterwith ACSR is shown in Fig. 1. The rotor loads are transmitted
to the fuselage through the gearbox support structure. The support
structureis idealizedas a spring,a damper,and a controlforcegener-
ator. In the passive scheme, the control force generator corresponds
to a vibration absorber mass (as in ARIS), whereas in the case of
ACSR, the control force generator can be an electrohydraulic ac-
tuator or an electromechanical actuator or a smart piezoactuator.7

Because of several advantages, incorporationof the ACSR scheme
in helicopters is being pursued vigorously by industries.9¡11

Some of the important aspects in practical implementationof ac-
tive vibration control schemes are 1) selection of sensor location
for vibration measurement, 2) selection of actuator locations, and
3) formulation of closed-loop control scheme for vibration mini-
mization. In the case of the ACSR scheme, the actuators are placed
at the gearbox support structure, whereas the sensors have to be
placed at optimal locations to maximize the effect of vibration con-
trol in fuselage. Recently, in Ref. 12, a systematic mathematical
procedure, employing Fisher information matrix (see Ref. 13) has
been successfully applied to identify the optimal sensor locations
for vibration reduction in helicopter fuselages. The reference pa-
rameters used in the selection process are the elements of a vector
de� ned as the effective independence distribution vector and the
conditionnumber of the Fisher information matrix. It was shown in
Ref. 12 that, irrespectiveof the excitationfrequency,theseoptimally
selected sensor locations experiencehigh levels of vibration.

Because the frequency of the dominant component of fuselage
vibration in helicopters is always NB/rev (also known as blade pas-
sage frequency), all vibration control schemes aim to minimize the
NB/rev component of fuselage vibration. When the ACSR scheme
of vibration reduction in fuselage was applied, the active control
forces were evaluated by minimizing a cost function in Refs. 9–12.
In Ref. 14, the control forces were evaluated by equating the to-
tal steady-state force across the servoactuators to zero. It is noted
in Refs. 12 and 14 that, on reducing fuselage vibration, the ACSR
scheme of vibration minimization increases the gearbox vibratory
levels12 and hub loads.14 In Ref. 15, in addition to describing the
methods of active control of vibration in helicopters, the authors
have highlightedthe applicabilityof internalmodel principleof dis-
turbancerejectionfor thedesignof closed-loopcontrollers.The idea
of disturbancerejection of � xed-frequency(NB/rev) signal is based
on the internalmodel principle,16 where a suitableduplicatedmodel
simulating the dynamic characteristics of the disturbance signal is
incorporatedin the feedbackpath.The purposeof the internalmodel
is to provide closed-loop transmissionzeros that cancel the poles of
the disturbance signal.

In any dynamic analysis of complex structures, there are several
stages of model order reduction, namely, 1) the distributedparame-
ter system with in� nite degreesof freedomis reducedto manageable
� nite element model with a few thousand degrees of freedom and
2), in the next stage using undamped free vibration modes obtained
from an eigenanalysisof the � nite element model, a further reduc-
tion in the model order is achieved by modal transformation with
truncated number of modes (considering only the � rst few modes
of interest). This reduced-ordermodel is then used for responseand
stability analysis. In the case of helicopters,due to high modal den-
sity of the fuselage structuralmodes, even in the modal spacea large
number of modes have to be considered particularly for the vibra-
tion analysis. It is known that a dynamic model with large number
of degrees of freedom will lead to numerical dif� culties and high
computational costs. In addition, for closed-loop compensator de-
sign, a high-order system is dif� cult to use, and the controller will
have reduced ef� ciency. It is always preferable to have a low-order
systemfor the designof the compensator,with the constraintthat the
controller designed for the small-order system will ensure stability
when incorporated in the full-order system. (Note that in this paper
full-order system implies the system in modal space.)

A technique known as model order reduction via balanced state-
spacerepresentationhasbeendevelopedbyMoore.17 This technique
is highly suitable for large systems incorporatingmultivariablecon-
trol. In analyzingmodel reductionfor � exible space structure,it was
shown in Ref. 18 that balanced-realization-based order reduction
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is superior to modal-truncation-based order reduction particularly
when the natural frequenciesare closely spaced.A brief description
of this technique is provided here for convenience.19;20 A proper
way to reduce the order of a dynamic system for control purposes is
to delete those states that are least controllableand observable.For a
systematic approach to delete the least observable and controllable
states, one requires a measure of controllabilityand observability.It
is known that the singular values of controllabilityand observabil-
ity grammians de� ne a measure of controllabilityand observability
in certain directions of the state space. Because the grammians are
variant under a coordinate transformation, it is shown that there
exists a coordinate system in which the grammians are equal and
diagonal.The correspondingspace is denotedas the balancedspace.
A reduced-order model of the system can be obtained by deleting
the least controllable and observable states in the balanced space.
Then for the reduced model, a suitable controller can be designed.
Of course, the ef� ciency of the compensator has to be established
by analyzing the full-order system with the controller designed for
low-order system.

The aim of this study is to address the problem of vibration min-
imization using the ACSR scheme in helicopter fuselages, by in-
tegrating several independent concepts in a novel manner. This is
achievedby � rst employingbalanced-realization-basedorderreduc-
tionand then theconceptof disturbance-rejection-basedclosed-loop
control using doubly coprime factorization theory.

The main objectivesof this study follow:
1) Formulate a reduced-order model for the coupled gearbox/

fuselage helicopter model using balanced realization.
2) Using the reduced-ordermodel,designa closed-loopcontroller

for vibrationminimizationusing the ACSR scheme,by disturbance-
rejection approach. For this multi-input/multi-output control prob-
lem, the controller is obtained by employing four-block representa-
tion and doubly coprime factorization theory.21

3) Evaluate the ef� ciency of the controller with the full-order
model.

4) Study the in� uence of sensor location on the ef� ciency of the
closed-loop vibration control scheme.

II. Mathematical Formulation
The presentationof the mathematical formulation is divided into

two parts, with each part addressing a speci� c aspect. They are
1) equations of motion of the coupled gearbox–fuselage system
and 2) design of closed-loop control law. A brief description of
these items are presented next. The details of the formulation may
be found in Refs. 22 and 23.

A. Equations of Motion and Decoupling into Controllable
and Uncontrollable Modes

For the purpose of order reduction and closed-loopcontrol of vi-
bration in helicopter fuselages, a simpli� ed dynamic model of the
coupled rotor–gearbox–fuselage systems shown in Fig. 2, is con-

Fig. 2 Coupled gearbox–fuselage dynamic model.

sidered. The gearbox is supported on the top of the fuselage at four
nodes. Rotor blade dynamics are not included. However, the vibra-
tory rotor loads are assumed to be acting at the top of the gearbox.
The gearbox support is represented as a linear spring, a viscous
damper, and an active force generator for vibration minimization.
Note that this dynamic model representsan ACSR type of vibration
minimization scheme adopted in helicopters.7¡12;14;15 Several sim-
plifying assumptions have been made in formulating the equations
of motion:

1) The gearbox is assumed to be rigid and has only vertical trans-
lation, pitch, and roll degrees of freedom.

2) The fuselage is assumed to be undergoing rigid-body vertical
translationandpitchand rollmotions,aswellas � exibledeformation
due to elastic modes.

3) The rigid body motions of the fuselage and gearbox are
assumed to be small.

4) The productsof inertiaof the gearboxand fuselageare assumed
to be zero.

5) The gearbox supports are assumed to be uniaxial members,
providing forces only in the z direction.

The equations of motion of the coupled gearbox–fuselage sys-
tem can be grouped into three sets. Set I corresponds to rigid-body
equations of motion of the gearbox, set II presents the rigid-body
equationsof the fuselage,and set III represents the equationsof mo-
tion of the elastic modes of the fuselage.The � rst 20 � exible modes
of the fuselage have been considered in the formulation and anal-
ysis of the problem. These elastic modes have been obtained from
an eigenanalysisof a three-dimensional� nite element model of the
fuselage,shown in Fig. 2. The details of the formulationof the equa-
tions are given in Ref. 22. The equations of motion of the coupled
gearbox–fuselage system can be written in state-space form as

f Pqg D [A f ]fqg C [Bw]fwg C [Bu ]fug

fzg D [Cz]fqg; fyg D [C y]fqg (1)

where fqg is the state vector of the modal degrees of freedom, fwg
is the vibratory hub load (or external disturbance) whose effect on
the fuselage is to be minimized, fug is actuator force (or control
forces) acting at four locations at the top of the fuselage, fzg is the
output vector representing the response of the structure at various
locations,and fyg is the responseat preselectedsensor locationsthat
are used for feedback to obtain the control forces. The size of the
state vector is 52 £ 1, corresponding to 3 rigid-body modes of the
gearbox plus 3 rigid-body modes of the fuselage plus 20 � exible
modes of the fuselage.

In Eq. (1), all of the rigid-body modes and � exible modes are
highly coupled. Note that the effect of control forces on rigid-body
modes is very weak, that is, from a control viewpoint the rigid-
body modes are weakly controllable by the actuator control inputs.
Hence, there are dif� culties in obtaining a suitable control law for
the model given in Eq. (1). The practical dif� culties arise due to ill
conditioningwhile computing the grammians, leading to very high
value of gains in the resultant control laws.24 A practical way of
avoiding these dif� culties is to separate the rigid-body modes from
the other � exible modes before proceeding further toward design-
ing the control law. This appears to have received little attention in
the literature on vibration control of helicopter fuselages. The de-
coupling of modes into uncontrollable rigid-body modes and con-
trollable � exible modes is carried out by the following step-by-step
mathematical procedure.

1) Find a transformation NT of the state space as fqg D NT f Qqg to
convert Eq. (1) to the form

f PQqg D
µ

A1 0

0 A2

¶
f Qqg C

µ
Bw1

Bw2

¶
f f g C

µ
Bu1

Bu2

¶
fug

fzg D Cz
NT f Qqg; fyg D Cy

NT f Qqg

where A2 is a 6 £ 6 matrix whose eigenvalues (equal to zero) cor-
respond to the rigid-body modes of the system. The details of
formulating matrix NT may be found in Ref. 23.
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2) Partition f Qqg as [fx1g fx2g]T , where fx2g denotes the last six
state variablecorrespondingto the rigid-bodymodes. Similarly par-
tition Cy

NT and Cz
NT as [C y1 Cy2] and [Cz1 Cz2], where C y2 and Cz2

are the submatricescontainingthe last six columnsof Cy
NT and Cz

NT ,
respectively.

3) Express the model pertainingto the � exible (controllable) part
of the dynamics as

f Px1g D A1fx1g C Bw1f f g C Bu1fug

fzg D Cz1fx1g; fyg D Cy1fx1g (2)

Note that outputvector fyg and measurementvector fzg in Eq. (2)
contain only the effects due to the � exible (or controllable) part of
the dynamics of the system. The size of the model given in Eq. (2)
is 46th order, which is still very high from the point of view of the
controldesignproblem.In additionall of the statesof thismodelwill
have different levels of controllability and observability. Hence, it
is desirable to reduce the order of this model by eliminating weakly
controllable and observable states (note that here weak or strong is
only relative) in comparison to other states. A balanced-realization-
based order reduction is applied to Eq. (2) to reduce the size of the
problem. The details of the procedure can be found in Refs. 17, 19,
and 20; the implementation details are given in Ref. 23.

B. Control Law for Disturbance Rejection
When the procedure described in Refs. 17, 19 and 20 is fol-

lowed, a suitable transformation T for balanced realization is for-
mulated.With the substitutionof transformationfx1g D T ¡1fxbg and
the premultiplicationby T , Eq. (2) is transformed into a balanced-
realization form, which is given by

f Pxbg D Abfxbg C Bw1bfwg C Bu1bfug

fzg D Cz1bfxbg; fyg D Cy1bfxbg (3)

where Ab D TA1T ¡1 , Bw1b D TBw1, Bu1b D TBu1 , Cz1b D Cz1T ¡1,
and C y1b D C y1T ¡1 .

From the Hankel singular values of the grammians in balanced
space, weakly controllable and observable states are identi� ed and
deleted from Eq. (3); thus, a reduced-order model of the system
is obtained. In the present problem, the 46 Hankel singular values
correspondingto the 46 states are found to be in the range0.5–0.002.
The choice of the exact number of states to be deleted is arbitrary.
However, one can use the error between the transfer functions of
the original and the reduced system as a reference parameter. In the
present study the criterionused for reducing the order of the system
is based on stability constraint, that is, the controller designed for
the reduced-order system must ensure closed-loop stability when
incorporated in the full-order original system. The reduced-order
model can be symbolically written as

f Pxg D Afxg C B1fwg C B2fug

fzg D C1fxg; fyg D C2fxg (4)

where fxg; fwg; fug; fzg, and fyg are the reduced-orderstate vector,
disturbance input, control inputs, measured output, and measure-
ments for feedbackcontrol, respectively.For the presentproblemof
vibrationminimization in a helicopterfuselage,fzg are the vibratory
levels, at preselected optimal (or arbitrary) sensor locations, to be
minimized. In the present study, the measurementquantity fyg used
for feedback is assumed to be same as fzg. Hence, in Eq. (7), one
has C1 D C2. When the Laplace transform of Eq. (4) is taken and
zero initial conditions are assumed, the standard four-block repre-
sentation of Eq. (4) can be written as

µ
Oz
Oy

¶
D

µ
OP1

OP2

OP3
OP4

¶µ
Ow
Ou

¶
(5)

where the variables with a caret are the Laplace transforms of the
correspondingtime-domainquantities.For the presentcase, one has

OP1 D C1.sI ¡ A/¡1 B1 (6)

OP2 D C1.sI ¡ A/¡1 B2 (7)

OP3 D C2.sI ¡ A/¡1 B1 (8)

OP4 D C2.sI ¡ A/¡1 B2 (9)

With the preceding four-block representation of the reduced-order
system, the vibration minimization problem is cast as follows: De-
sign a closed-loopcontroller with transfer function K such that the
effect of the external disturbance fwg is asymptotically reduced to
zero in the output fzg while providing closed-loop stability, that is,
determinea controller Ou D OK Oy such that the closed-loopsystemwith
this controller is stable. The controller is obtained as a solution of
the following disturbance rejection problem.

The closed-loop transfer function between input fwg and output
fzg can be expressed as

Oz D
£ OP1 C OP2

OK .I ¡ OP4
OK /¡1 OP3

¤
Ow (10)

Oz D Tzw Ow (11)

The idea of disturbance rejection requires satisfying the condition
that the transfer function Tzw has a zero at the frequency of the ex-
ternal disturbancefwg, which is !0 D NB/rev, that is, Tzw. j!0/ D 0.
Because Tzw is a nonlinearfunctionof the closed-loopgain OK , solv-
ing the preceding equation for OK is dif� cult.

A solution to this problemcan be found by using the factorization
theory of feedback system synthesis.21 In this approach, the set
of all controllers that provide closed-loop stability is given by the
following equivalent formulas

OK D .Y ¡ M NQ/.X ¡ N NQ/¡1 or OK D . QX ¡ NQ QN /¡1. QY ¡ NQ QM /

(12)

where, N; M; QN , and QM are stable transfer function matrices ob-
tained from a doubly coprime factorization of P4; X; Y; QX , and QY
satisfy the Bezout identity;and NQ is an arbitrarystable proper trans-
fer matrix of conformable size. The advantage of this formula is
that, on substitution in Eq. (10), the transfermatrix Tzw of the stable
closed-loop system can be expressed as

Tzw D T1 ¡ T2
NQT3 (13)

The details of the formulationand expressionsfor T1; T2, and T3 can
be found in Ref. 23. In the modi� ed form given by Eq. (13), transfer
matrix Tzw is linearlyrelated to matrix NQ. Therefore,the requirement
of asymptotic disturbance rejection on vibration minimization is
satis� ed by � nding a stable transfer function NQ such that

T1.§ j!0/ ¡ T2.§ j!0/ NQ.§ j!0/T3.§ j!0/ D 0 (14)

Any transfermatrix NQ.s/ that is stable, proper, and satis� es the pre-
ceding equation provides a closed-loop controller OK that meets the
requirement of disturbance rejection at the speci� ed frequency !0 .

In the present study, the matrix NQ is evaluated by representing
each element, for example, ijth element, of NQ by a second-order
stable transfer function of the form

NQ i j D
s2 C as C b

.s C 1/2
(15)

The two unknown quantitiesa and b are solved by � rst substituting
s D § j!0 in NQ and formulating two sets of algebraic equations by
equating each element of the matrix Eq. (14) to zero, separately for
C j!0 and ¡ j!0.

III. Results and Discussion
With the use of the dynamic model of the coupled gearbox–

� exible fuselage system shown in Fig. 2, an order reduction based
on the balanced-realizationapproach is performed. Then a closed-
loop controller is designedusing the reduced-ordermodel. The con-
troller design is based on the disturbance-rejectionscheme, using
doubly coprime stable factorization theory, described in Sec. II.B.
The output measurements used for the controller design are the vi-
bratory levels at preselected sensor locations. The effectiveness of
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Fig. 3 Finite element model of helicopter fuselage.

the controller is evaluated by performing the vibratory response of
the full-order system incorporating the closed-loop controller de-
signed for the reduced-order model. In addition, the in� uence of
sensor locations on the performance of closed-loop vibration con-
trol is studied. A detailed descriptionof the dynamic model and the
results of the studies are presented in the following paragraphs.

Figure 3 shows the schematic of a � nite element model of the
helicopter fuselage. The length, height, and width of the model are
8.25, 2, and 3 m, respectively.The fuselageis 4 m long, with a width
of 2.5 m and a height of 1.5 m. The tail boom length is 4.25 m,
and the span of the horizontal stabilizer is 3 m. Lumped masses
representingtwo engines,a tail gearbox, and two end plates are also
attached to the structure at appropriate nodes. The total number of
nodes and the degrees of freedom are 64 and 356, respectively.The
detailsof the structuralproperties,node locations,and other data are
given in Ref. 25. It was shown in Ref. 25 that the undamped natural
frequenciesand mode shapes of this model are similar to those of a
realistic helicopter.

When it is assumed that the main rotor system consists of four
blades, the vibratory hub loads will have a nondimensional excita-
tion frequencyof 4/rev. For the fuselagemodel, the nondimensional
frequencyof the 20th � exible mode is 6.41 (Ref. 25), which is 50%
more than the excitation frequency (4/rev) of the hub loads. The
coupled gearbox–fuselage model, shown in Fig. 2, has the gearbox
mounted on the roof of the fuselage at the four nodes (39, 48, 46,
and 37). The vibration analysis is performed by applying vibratory
loads at the top of the gearbox. Because the vibratory load in the
vertical direction is more predominant,without loss of generality, it
is assumed that the sensors measure only the vertical z component
of fuselage vibration.The total number of degrees of freedom con-
sidered in the analysis is 26. These include 3 rigid-body modes of
the gearbox (pitch, roll, and heave) and 3 rigid-body modes and 20
� exible modes of the fuselage. In state-space form, the order of the
system is 52, and this model is treated as the full-order system in
this study. The data used for the analysis are given in Table 1.

A. Sensor Locations
A key aspect in vibration control is the choice of sensor loca-

tions for measurement of vibratory levels in the fuselage and for
feedback in the closed-loop control scheme. In Ref. 12, following
a mathematical procedure involving the Fisher information matrix
and effective independence distribution vector, 23 optimal sensor
locationswere identi� ed. These optimal sensor locations are shown
by node numbers in Fig. 4, taken from Ref. 12. It was shown in
Ref. 12 that irrespectiveof the excitationfrequency, these optimally
selected sensors measure high levels of vibration. When a four-
bladed rotor system is consideredand a 4/rev vibratory hub force in
the z direction is assumed, the baseline vibratory levels in the fuse-
lage at all of the nodes are shown in Fig. 5. Node number 0 refers to
the gearboxc.g. location.The arrows in Fig. 5 indicate the locations

Table 1 Data used for vibration and control analysis

Parameter Value

Reference quantities for nondimensionalization
mb , kg 65
R, m 6
Ä, rad/s 32

Nondimensional quantities
Ki 60.01
Ci 0.033
m F 33.846
mGB 4.615
Ix x F 0.6838
Iyy F 2.735
Ix xGB D IyyGB 0.0171
Fz=mbÄ2 R 0.0001

Location of center of mass of fuselage from origina

x 0.5632
y 0
z 0.0833

Location of center of mass of gearbox from origina

x 0.5632
y 0
z 0.3333

Structural damping of fuselage elastic modes
¯F 0.005

aAt nose of the fuselage.

Fig. 4 Optimal sensor locations (indicated by node numbers).

Fig. 5 Baseline vibratory levels for 4/rev excitation: arrows indicate
optimal sensor locations, node 0 refers to gearbox c.g. location.

of 23 optimal sensors. The peak vibratory response occurs at node
33. Although, optimal selection procedure does not identify node
33, there are two sensors at node locations32 and 34 measuring the
second highest level of response.

In the present study, three different sets of � ve sensor locations
are consideredfor orderreductionandclosed-loopvibrationcontrol.
The reason for choosing � ve sensors is to provide redundancy for
the closed-loop control problem in determining the control forces
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for the four control actuators. The three sets of sensors locations
are as follows: Set I has sensors at node locations 8, 17, 23, 34, and
39 (these locations are selected from the optimal set of 23 sensor
locations providing high levels of baseline vibratory response, as
shown in Fig. 5). Set II consists of sensors at node locations 12, 16,
32,33, and 38 (these locationsrepresentthe locationscorresponding
to � ve maximum vibratory response levels, as shown in Fig. 5).
Set III has the sensors at 6, 20, 28, 44, and 64 (these locations
correspond to the low vibratory response locations, as can be seen
as Fig. 5).

B. Reduced-Order Model
The dynamics of the coupled gearbox–� exible fuselage system

is represented by a 52nd-order model. The full-order system (52nd
order) is decomposed into controllable (46th order) and uncontrol-
lable (6th order) subsystems, by performing a transformation of
states to obtain a block diagonal form of the system matrix, as de-
scribed in Sec. II.A. The eigenvalues corresponding to the block
diagonal form of the controllable part (46th order) are given in
Table 2. The uncontrollable rigid-body modes having zero eigen-
values (sixth order) correspond to the other block diagonal matrix.

Note that the reduced-ordermodel depends on measurementma-
trix C , which is related to sensor locations. For conciseness, only
those results pertaining to sensor set I are presented here. Table 3
presents the Hankel singular values of the grammians in balanced
space of the controllable46th-ordersystem, arranged in descending
order. The singular values vary in the range 0.5–0.002, indicating
the effectiveness of the states in the input–output relation. Initially
(by trial), the system was truncated to a 10th order model. This
10th order model provided a good approximation of the frequency
response of the original system. However, the controller designed
for the 10th-order reduced model could not effectively stabilize the
full-ordersystem. The reason could be attributed to the spillover in-
stability due to the excitation of the truncated or residual modes.24

Then the size of the reduced-ordermodel is increased one order at a
time until closed-loop stability of the full-order system is ensured.
An 18th ordermodel is found to provideboth a good approximation
to the frequency response and a stable controller for the full-order
system. For comparison, the frequency response (both gain and
phase) of the 18th order reducedmodel (plus 6 uncontrollablerigid-
body modes) with that of the full-order system (46 controllable
plus 6 uncontrollablestates) at node 23 is shown in Fig. 6. It is evi-
dent thatthe frequencyresponseof the reduced-ordermodelmatches
very well that of the full-order system up to the frequency 5/rev. A
similar good correlation was also found for the frequency response

Table 2 Eigenvalues of the 46th-order
� exible part of system dynamics

No. Eigenvalues

1 ¡0:08875§ i17:29791
2 ¡0:02800§ i12:30483
3 ¡0:02796§ i11:93083
4 ¡0:03475§ i7:05896
5 ¡0:03070§ i6:13030
6 ¡0:03189§ i5:82441
7 ¡0:03291§ i5:53105
8 ¡0:02646§ i5:44131
9 ¡0:02529§ i4:92342
10 ¡0:02488§ i4:79801
11 ¡0:02422§ i4:76666
12 ¡0:02235§ i4:42907
13 ¡0:02291§ i4:39552
14 ¡0:02381§ i3:70094
15 ¡0:01984§ i3:47435
16 ¡0:01526§ i3:05898
17 ¡0:01329§ i2:63113
18 ¡0:01309§ i2:60198
19 ¡0:01239§ i2:38375
20 ¡0:01463§ i2:24567
21 ¡0:01092§ i2:19632
22 ¡0:00408§ i0:81457
23 ¡0:00484§ i0:66367

Table 3 Hankel singular values of the grammians
in balanced state

No. Singular values No. Singular values

1 0.50020 24 0.12181
2 0.49787 25 0.09296
3 0.39793 26 0.09163
4 0.39404 27 0.08658
5 0.35759 28 0.08566
6 0.35421 29 0.07624
7 0.34479 30 0.07548
8 0.34131 31 0.05103
9 0.29946 32 0.05027
10 0.29678 33 0.04351
11 0.29174 34 0.04332
12 0.29043 35 0.03378
13 0.25460 36 0.03370
14 0.25195 37 0.02160
15 0.22469 38 0.02147
16 0.22362 39 0.01791
17 0.17680 40 0.01772
18 0.17487 41 0.01556
19 0.12997 42 0.01543
20 0.12909 43 0.00224
21 0.12543 44 0.00222
22 0.12419 45 0.00213
23 0.12303 46 0.00211

Fig. 6 Comparison of frequency response of full- and reduced-order
models: - - - -, reduced-order system and ——, full-order system.

at other sensor locations, namely, nodes 8, 17, 34, and 39. Con-
sidering that the controller will be designed to reduce the fuselage
vibration at the excitation frequencyof 4/rev, it can be stated that in
the frequencyrange of interest the 18th order reducedmodel (plus 6
rigid-body uncontrollable modes) is an excellent approximation to
the 52nd-order full model.

C. Closed-Loop Vibration Control
When the reduced-order model is used and the disturbance-

rejection approach based on factorizationtheory is followed, a con-
troller is designed to minimize the vibration in the fuselage. This
controller is incorporatedin the feedback loop of the full-ordersys-
tem, and the vibratory level of the fuselage is calculated at all of
the nodes. The study is carried out for the three different sets of
sensor locations. (Note that the controller is designedusing only the
reduced-order model of the controllable states.) The results corre-
sponding to these cases are presented in the following subsections.

1. Optimal Sensor Locations (Set I: Nodes 8, 17, 23, 34, and 39)
The comparison of baseline and controlled vibratory levels at all

of the 64 nodes is shown in Fig. 7. The arrows in Fig. 7 indicate the
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Fig. 7 Comparison of baseline and closed-loop controlled vibratory
levels; set I: 8, 17, 23, 34, and 39, sensor locations indicated by arrows,
node 0 refers to gearbox c.g. location.

Fig. 8 Frequency response of uncontrolled and closed-loop controlled
full system: –¢ – , uncontrolled system and ——, controlled system.

locationsof the � ve sensors (set I). Node number0 indicates the c.g.
of the gearbox. For the baseline con� guration, the peak vibratory
level is 0:27 g at node location33, and the lowest level is at node 57
with a value of 0:00017 g. With closed-loopcontrol, the peak vibra-
tory level is reduced to 0:036 g at node 33. Although, closed-loop
control reduces the vibratory levels in the fuselage substantially,
there is an increase in vibratory response at the tail portion. For ex-
ample, at node 64, the vibratory level is increased from the baseline
value of 0:0032g to 0:0145 g. The reason for this increase can be
attributed to not having a sensor in the tail portion. Note that with
closed-loopcontrol, the vibratory level in the gearbox c.g. (node 0)
is reduced from a baseline value of 0:06–0:019 g. This observation
seems to be contrary to the vibration reduction schemes using open
control,12;14 where a reduction in fuselage vibration increases the
vibratory level in the gearbox (or hub). In the present case of the
closed-loop control scheme, the vibratory levels at both fuselage
and gearbox are reduced simultaneously.

The frequency response of the gain for the uncontrolled and the
controlledfull-ordersystemat the sensorlocatedat node23 is shown
in Fig. 8. It can be seen that the controller is effective in reducing
the vibration not only at desired frequency of 4/rev but also in the
neighborhoodof the desired frequency, indicatingthe robustnessof
the control scheme.

2. Choice of Highest Vibration Nodes (Set II: Nodes 12, 16, 32, 33,
and 38)

For closed-loop vibration control, another set of � ve arbitrary
sensor locationsmeasuringthe � ve highestbaselinevibratory levels
hasbeen considered.These nodelocationsare not part of theoptimal
set as per Ref. 12, except nodes 16 and 32. For this set of sensor
locations, � rst a reduced-ordermodel is obtained. It is found that a
20th-order model is needed to satisfy the condition of closed-loop
stability.

A comparisonof the baselineand controlledvibratoryresponse is
shown in Fig. 9. With closed-loop control, the maximum vibratory
responseis found to be0:033 g at node location17,whereasthe peak
response for the baselinecon� guration is 0:27 g at node 33. The tail
portion experiences an increase in vibratory levels for closed-loop
control. For example, at node 64, the vibratory level increases from

Fig. 9 Comparison of baseline and closed-loop controlled vibratory
levels; set II: 12, 16, 32, 33, and 38, sensor locations indicated by arrows,
node 0 refers to gearbox c.g. location.

Fig. 10 Comparison of baseline and closed-loop controlled vibratory
levels; set III: 6, 20, 28, 44, and 64, sensor locations indicated by arrows,
node 0 refers to gearbox c.g. location.

a baseline value of 0:0032 –0:018 g. At gearbox c.g. (node 0), there
is a reduction in vibration from a baseline level of 0:06 –0:014 g.

When the results corresponding to optimal set of sensor loca-
tions (set I) and the set of sensor locations measuring the highest
vibratory levels (set II) are compared, it can be concluded that the
vibration reduction with the optimal set is as ef� cient as the other
set measuring highest vibratory levels, even though the optimal set
does not provide a sensor at node 33 experiencing highest baseline
vibratory level. This result validates the mathematical procedureof
identifying the optimal sensor locations for vibration measurement
presented in Ref. 12.

3. Choice of Low Vibration Notes (Set III: Nodes 6, 20, 28, 44, and 64)
To evaluate the in� uence of sensor locations on closed-loop vi-

bration control, a set of � ve sensor locations measuring low (not
the lowest) vibratory levels are chosen. For this choice of sensor
locations, the reduced-ordermodel is found to be of size 30, which
is very high compared to the other two cases.

A comparison of baseline and controlled vibratory response is
shown in Fig. 10. With closed-loopcontrol, the maximum vibratory
level is found to be 0:22 g, which is close to the baseline level of
0:26 g. In addition, it can be seen that, with closed-loop control,
the level of vibration is increased at the majority of the nodes. The
reason for this inef� ciency may be attributed to the formulation of
the control law based on an incorrect picture of the true vibratory
levels in the fuselage, leading to inaccurate control forces.

This result clearly indicates that the choice of sensor locations is
very important for order-reductionand vibration control schemes.

4. Control Forces
The magnitudesand phase angles of the control forces in the four

actuators for closed-loop vibration minimization have been evalu-
ated for the three cases considered.Table 4 presents the magnitude
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Table 4 Magnitude and phase angle of control forces

Five Five
Control Node Five optimal high-vibration low-vibration
force no. sensor locations nodes nodes

Magnitude
(1:0E C03) 39 1.9218 1.1754 0.04305

48 2.9892 1.4224 0.03673
46 0.8335 1.4095 0.03047
37 0.5604 0.9981 0.08552

Phase angle,
deg 39 ¡154:2 ¡150:5 ¡3:9

48 ¡154:5 ¡137:1 ¡2:0
46 52.5 70.4 7.3
37 45.8 63.3 0.1

and phase angle of the control forces corresponding to the three
cases. For vibration reduction with sensor sets I and II, the con-
trol forces and the phase angles are found to be of the same order,
whereas for sensor set III, the magnitudes and phase angles are
completely different, resulting in inef� cient vibration control.

IV. Conclusions
Application of balanced-realization-based order reduction has

been carried out to obtain a reduced-order model for a coupled
gearbox–� exible fuselage dynamic system. By the use of the
reduced-order model, a closed-loop controller is developed using
a disturbance-rejection approach based on internal model princi-
ple and stable coprime factorization theory. The most important
conclusions of this study are summarized as follows.

A 46th-order controllable subsystem of the coupled gearbox–

� exible fuselage model is reduced to an 18th-order model, using
the balanced-realizationapproach.The frequencyresponseof the re-
duced model closely matches the full-ordersystem in the frequency
range of interest.

The controller designed for the reduced-order model provided
a substantial reduction in fuselage vibratory levels. The controller
is found to provide vibration reduction not only at the desired fre-
quency but also in the neighborhood of the desired frequency. In
addition, contrary to open-loop control, in this study it is observed
that closed-loopcontrol reduces not only the fuselage vibration but
also the vibratory level in the gearbox.

The set of � ve sensor locations (measuring high vibratory levels)
chosen from the optimalset providesvibration reductionin the fuse-
lage that is as ef� cient as the set of � ve sensors (not all pertaining
to the optimal set) measuring the highest vibratory levels. This re-
sult validates the mathematicalprocedureof identifyingthe optimal
sensor locations, followed in Ref. 12. The controller designed for
the set of � ve sensorsmeasuring low levels of vibration is very inef-
� cient, and it is shown to increase the fuselage vibration at several
locations. This observation substantiates the importance of choice
of sensor locations for vibration control.
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